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Abstract
Let G be a locally compact Abelian group and μ a Haar measure on G. We prove: (a) If G is con-
nected, then the complement of a union of finitely many translates of subgroups of G with infinite in-
dex is μ-thick and everywhere of second category. (b) Under a simple (and fairly general) assumption
on G, for every cardinal number m such that ℵ0 m |G| there is a subgroup of G of index m that is
μ-thick and everywhere of second category. These results extend theorems by Muthuvel and Erdo˝s–
Marcus, respectively. (b) also implies a recent theorem by Comfort–Raczkowski–Trigos stating that
every nondiscrete compact Abelian group G admits 2|G|-many μ-nonmeasurable dense subgroups.
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1. Introduction
Starting point of our analysis is the following question. Let G be an Abelian group,
H1, . . . ,Hn subgroups of G of infinite index, and x1, . . . , xn ∈ G. How “large” is the com-
plement Zc := G \ Z of Z :=⋃ni=1(xi + Hi)?
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fact is sharpened in Theorem 2.2: we show that Zc contains some translate of a subgroup
of G with index ℵ0 := |N|. The problem of “estimating” Zc gains a particular interest in a
topological setting, namely when G is also supposed to be a Hausdorff topological group.
In the case where G =R and x1 = · · · = xn = 0, Muthuvel [16, Theorem 2] proves that Zc
is everywhere of second category. We give in Theorem 4.6 a substantial generalization of
his result, in particular replacing R with an arbitrary connected Baire group. Theorem 4.7
represents the measure theoretical counterpart of this result: if G is locally compact and
connected, then Zc is thick with respect to a Haar measure on G. (For the definitions of
everywhere of second category and thick sets, see Section 3.1.)
The “dual” results just cited are by no means accidental: in fact, the basic ingredient
for proving Theorems 4.6 and 4.7 turns out to be the so-called Steinhaus property (see
Definition 3.2), which we study in a more general framework in Section 3.2. As a first
illustration of the advantages of our unified approach, we stress that Theorems 4.6 and 4.7
are both “extracted” from the abstract Theorem 4.1.
Let us now describe the second problem addressed in this paper. Erdo˝s and Marcus
prove in [6] that for every cardinal number m such that ℵ0  m  c := |R| there exists
a partition of Rn into m-many thick congruent subsets (i.e. each a translate of the other;
they are even chosen to be cosets of a single subgroup). They also observe that there is an
analogous partition of Rn into congruent, everywhere of second category subsets. In The-
orem 4.8 we extend their result to a large class of locally compact Abelian groups (namely,
those satisfying the condition (∗) introduced in Proposition 4.4). As above, we emphasize
that Theorem 4.8 is easily obtained from the more general Theorem 4.3, the latter being a
further consequence of the Steinhaus property (and of the algebraic Theorem 2.3).
A direct consequence of Theorem 4.8 is Corollary 4.9. It states, in particular, that every
nondiscrete locally compact Abelian group G satisfying the condition (∗) (such as any
locally compact group which is connected or σ -compact) admits 2|G|-many nonmeasurable
dense subgroups of cardinality |G|. In the compact case, this has recently been obtained
by Comfort, Raczkowski, and Trigos-Arrieta (see [3, Theorem 3.4]). While their proof
strongly depends on the duality theory for locally compact Abelian groups, our proof is
based on the more elementary algebraic Theorem 2.3.
Throughout the paper, G stands for an additively written group. (For our main results
G shall be assumed to be Abelian.) If H is a subgroup of G, then |G : H | denotes the
index of H in G, i.e. |G : H | := |G/H |. For X ⊆ G, by 〈X〉 we denote the subgroup of G
generated by X. The symbol P(G) denotes the power set of G.
2. Algebraic tools
The two algebraic theorems in this section are needed for our main results contained
in Section 4. Proposition 2.1 below is applied by Hewitt and Ross to show that every
infinite compact Abelian group contains nonmeasurable subgroups. We use it in the proof
of Theorem 2.2.
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ably infinite index.
Theorem 2.2. Let G be an Abelian group. For i = 1, . . . , n, let Hi be a subgroup of G of
infinite index and Xi a nonempty subset of G such that |Xi | < |G : Hi |. Then the comple-
ment of⋃ni=1(Xi + Hi) contains a coset of some subgroup H of G with |G : H | = ℵ0.
Proof. (i) We first check that Z := ⋃ni=1(Xi + Hi) is contained in a finite union⋃m
j=1(aj + Aj), where aj ∈ G and Aj is a subgroup of G with |G : Aj | = ℵ0. To this
end, it suffices to show that each set Xi + Hi is contained in a union of finitely many
cosets of some subgroup of G with index ℵ0.
If |G : Hi | = ℵ0, then Xi + Hi =⋃x∈Xi (x + Hi) is precisely a union of finitely many
cosets of a subgroup of G with index ℵ0.
Assume now |G : Hi | > ℵ0. Let Ki := 〈Xi〉 + Hi . From |G : Ki ||Ki : Hi | = |G : Hi |
it follows |G : Ki | = |G : Hi |. Hence G/Ki is an infinite group that contains, by Propo-
sition 2.1, a subgroup of index ℵ0. Therefore, Ki—a fortiori, Xi + Hi—is contained in a
subgroup of G of index ℵ0.
(ii) Let H :=⋂mj=1 Aj . In view of |G : H |
∏m
j=1 |G : Aj | (see [7, Exercise 1.4]) we
obtain |G : H | = ℵ0. By Neumann’s lemma [7, Lemma 7.3] A :=⋃mj=1(aj + Aj) = G.
Let x ∈ Ac. As A is a union of cosets of H , we infer x + H ⊆ Ac ⊆ Zc . 
Theorem 2.2 (or Neumann’s lemma) gives, in particular, |Zc| = |G|. (If |G| > ℵ0 then
|Zc| |H | = |G|. Suppose now that |Zc| < |G| = ℵ0, then with Xn+1 := Zc and Hn+1 :=
{0} we have⋃n+1i=1 (Xi +Hi) = G, a contradiction to Theorem 2.2.) This fact is also pointed
out by Muthuvel under the additional assumption Xi = {0} for all i (see [16, Corollary 1
and Remark 1]).
A theorem of Scott [19] (deeper than Proposition 2.1) states that every infinite Abelian
group G admits a subgroup of index m, where ℵ0  m  |G|. Moreover, according to a
theorem of Kulikov (see [7, Theorem 18.4]), G is the union of an increasing sequence of
subgroups Gn, where each Gn is a direct sum of cyclic groups and G1 is generated by a
maximal independent system of G. Then, combining Scott’s and Kulikov’s theorems and
using that rank and cardinality of any uncountable Abelian group coincide, we easily get
the following
Theorem 2.3. Let G be an uncountable Abelian group and m a cardinal number such that
ℵ0  m  |G|. Then G contains a sequence (Hn)∞n=1 of subgroups such that |G : Hn| =
m for every n ∈ N and G =⋃∞n=1 Hn. Moreover, the groups Hn can be taken such that
|Hn| = |G| for every n ∈N.
Plainly, Theorem 2.3 sharpens Bhaskara Rao and Reid’s observation that every non-
cyclic Abelian group is a union of countably many proper subgroups [1, p. 6].
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3.1. Preliminaries: thick and saturated sets
Let X be a topological space, B its Borel σ -algebra, μ :B→ [0,+∞] a Borel measure,
and μ∗ the outer measure induced by μ. A subset Y of X is called μ-thick if μ∗(Y ∩B) =
μ(B) for every Borel set B of finite measure, or, equivalently, if Y c does not contain any
Borel set B with 0 < μ(B) < +∞. Let μ be the restriction of μ∗ to the σ -algebraM of all
μ∗-measurable sets, and let N be the σ -ideal in M of all locally null sets. Using the fact
that every M ∈M of finite measure has the form M = BN where B is a Borel set and N
is a null set, one easily sees that Y is μ-thick iff Y is μ-thick (i.e. μ∗(Y ∩ M) = μ(M) for
every M ∈M of finite measure). It follows that Y is μ-thick iff every Borel set contained
in Y c belongs to N . A set Y is called μ-saturated if both Y and Y c are μ-thick. Since μ-
thickness and μ-thickness are equivalent properties, it is easily seen that Y is μ-saturated
iff Y ∩ M /∈M for any M ∈ B \N .
As we have just seen, the definitions of μ-thick and μ-saturated sets depend only on the
σ -ideal N . This suggests the following definition, convenient also in view of the topolog-
ical notions presented below.
Definition 3.1. Let I be an ideal on X. A subset Y of X is called I-thick if every Borel set
contained in Y c belongs to I . Y is called I-saturated if both Y and Y c are I-thick.
According to this definition, “μ-thick” and “μ-saturated” precisely mean “N -thick”
and “N -saturated”, respectively.
Now we give the topological concepts related to the measure theoretic definitions of
μ-thick and μ-saturated sets. Let X be a Baire space (i.e. a topological space such that
every nonempty open set is of second category). A subset of X is said to have the Baire
property if it is of the form OF where O is an open subset of X and F is of first category
in X. The family of all subsets of X having the Baire property is the σ -algebra generated
by B and the σ -ideal F of all first category subsets of X. A subset Y of X is said to be
everywhere of second category if Y ∩ O is of second category for every nonempty open
subset O of X. We say that Y lacks the Baire property everywhere if Y ∩ O lacks the Baire
property for every nonempty open subset O of X. Using that F is Borel generated (i.e.
every set of first category is contained in a Borel set of first category), it is not difficult
to see that Y is everywhere of second category iff Y is F -thick, and then that Y lacks the
Baire property everywhere iff Y is F -saturated. (For the implication ⇐, cf. [13, p. 60].)
3.2. Definition of the Steinhaus property and first consequences
In this section G denotes a Hausdorff topological group, B its Borel σ -algebra, and I
a σ -ideal on G that is proper (i.e. G /∈ I) and left invariant (i.e. x + I ∈ I for all x ∈ G and
I ∈ I).
The following condition on I plays a decisive role in the rest of the paper:
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the set A − B has an inner point.
Remark 3.3. If H is a subgroup of G and H ∈ B \ I , then the Steinhaus property imme-
diately gives that H is open.
The ideals we are mainly interested in are the ideals F and N defined in the next two
theorems.
Theorem 3.4. [14, Corollary 4] Let G be a Baire group. Then the σ -ideal F of all first
category subsets of G has the Steinhaus property.
Theorem 3.5. [2, Theorem 1] Let G be locally compact. Then the σ -ideal N of locally
null sets with respect to a Haar measure on G has the Steinhaus property.
By a (left) Haar measure on a locally compact group G we mean (according to Hewitt–
Ross [9]) a nonzero left invariant Borel measure on G which is finite on compact sets,
(outer) open regular on all Borel sets, and (inner) compact regular on all open sets.
In Theorem 3.5 one cannot replace the idealN of locally null sets with that of null sets,
as the following example shows. Let G := R × T, where R is endowed with the discrete
topology and T := R/Z is the torus with the usual compact topology. Then H := R× {0}
is a closed subgroup of G without inner points; H is a locally null set but not a null set
with respect to a Haar measure on G.
The following characterization of the Steinhaus property is modelled on Morgan’s The-
orems 6.I.2 and 6.II.6 in [15].
Proposition 3.6. I has the Steinhaus property iff D +A is I-thick for every A ∈P(G) \ I
and every dense subset D of G.
Proof. (⇒) Let A ∈ P(G) \ I and D a dense subset of G. Suppose that D + A is not
I-thick. Then (D + A)c contains a set B ∈ B \ I . By the Steinhaus property, A − B has
an inner point. Therefore D + (A − B) = G. In particular 0 ∈ D + A − B , a contradiction
with B ⊆ (D + A)c .
(⇐) Let A ∈ P(G) \ I and B ∈ B \ I . Suppose that A − B has no inner point.
Then D := (B − A)c is dense in G. Therefore D + A is I-thick, in contrast with B ⊆
(D + A)c . 
Corollary 3.7. Suppose that I has the Steinhaus property. Let A ∈ P(G) \ I and D a
dense subset of G such that D + A ⊆ A. Then A is I-thick. If in addition Ac /∈ I , then A
is I-saturated.
Proof. (i) By Proposition 3.6, D + A is I-thick. A fortiori, so is A. (ii) Suppose now
Ac /∈ I . Since −D is dense in G and −D + Ac ⊆ Ac, we get as in (i) that also Ac is
I-thick. 
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the following conditions:
(i) H = G and H /∈ I;
(ii) H is I-thick;
(iii) X + H is I-saturated for every nonempty X ⊆ G with X + H = G;
(iv) H = G.
Then (i) ⇒ (ii) ⇔ (iii) ⇒ (iv). Moreover, if I is Borel generated, (ii) ⇒ (i).
Proof. (i) ⇒ (ii) Apply Corollary 3.7 with D = A = H .
(ii) ⇒ (iii) Let x ∈ X and z ∈ (X+H)c . Then x + H and z + H are I-thick. A fortiori,
so are X + H and (X + H)c.
(ii) follows from (iii) with X = {0}.
(ii) ⇒ (iv) Suppose that there exists an element z ∈ Hc. Then the Borel sets z + H and
Hc are contained in Hc and therefore belong to I . It follows H ∈ I and G = H ∪Hc ∈ I ,
a contradiction.
Let us finally prove (ii) ⇒ (i) under the additional assumption that I is Borel generated.
If H ∈ I , then H ⊆ B for some B ∈ B ∩ I . Hence Hc ⊇ Bc ∈ B and Bc /∈ I , as B ∪Bc =
G /∈ I . Therefore H is not I-thick. 
The σ -ideals F and N considered in Theorems 3.4 and 3.5 are Borel generated: for F
and N the conditions (i)–(iii) are therefore equivalent.
In view of condition (i), it is of interest to know when any subgroup of G not belonging
to I is dense in G. The Steinhaus property gives a useful answer to this question:
Proposition 3.9. If I has the Steinhaus property and if G does not admit proper open
subgroups, then any subgroup of G not belonging to I is dense in G.
Proof. If H is a subgroup of G and H /∈ I , then H is open by Remark 3.3. 
Both the so-called Smital’s lemma [13, Theorem III.6.1] and Saeki–Stromberg’s theo-
rem 2.7 in [18] are measure theoretical instances of Proposition 3.6. In particular, Propo-
sition 3.6 shows that Saeki–Stromberg’s theorem is an easy consequence of the Steinhaus
theorem (in the version of Theorem 3.5).
In our terminology, Corollary 2.8 in [18] states that any μ-nonmeasurable dense sub-
semigroup of a locally compact group G is μ-saturated, μ being a Haar measure on G.
This follows from Corollary 3.7 and Theorem 3.5.
The next examples of partitions of R into “pathological” subsets are well known. Our
aim is just to illustrate how the Steinhaus property can be used also to obtain these decom-
positions simultaneously.
Example 3.10. According to Sierpin´ski [21], there exists a subset C of R with the fol-
lowing properties: (i) C + Q = C; (ii) C ∪ (−C) = R \ Q; (iii) C ∩ (−C) = ∅. By (ii)
and (iii), C and Cc can be neither Lebesgue null nor first category sets. From (i) and
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and is λ-saturated, λ being the Lebesgue measure on R.
Sierpin´ski’s example is also examined in Hewitt and Stromberg [10] and Simoson
[22, Example 3].
Example 3.11. Let ξ be an irrational real number, K := 〈ξ,1〉 and H := 〈ξ,2〉. Let X be
a set of coset representatives of K in R, and Y := X + H . Then the sets Y and Y + 1 form
a partition of R into congruent sets. Therefore, they can be neither Lebesgue null nor first
category sets. Since H is dense in R and Y + H = Y , we infer by Corollary 3.7 that Y and
Y + 1 are λ-saturated and lack the Baire property everywhere.
We refer the reader to Halmos’s Theorem 16.E in [8] and Theorems III.8.1 and III.8.2
in [13] for other proofs.
Now we revisit two other classical constructions of saturated subgroups of R. The first
example is due to Sierpin´ski [20], the second one to Erdo˝s [5]. Cf. also Kuczma [13, Sec-
tions XI.2 and XI.5].
Example 3.12. Let H be a Hamel basis for R and H0 a nonempty countable subset of H.
Then the Q-linear subspace V of R generated by H \ H0 is dense in R and, as a sub-
group of R, of index ℵ0. Therefore, by Corollary 3.8, V is λ-saturated and lacks the Baire
property everywhere.
Example 3.13. Let H be a Hamel basis for R. Then E := 〈H〉 is nondiscrete (as uncount-
able), and so it is dense in R. As R =⋃∞n=1 En , plainly E is neither a Lebesgue null nor
a first category set. Thus, by Corollary 3.8, E is λ-saturated and lacks the Baire property
everywhere.
Following Kuczma [13] and Muthuvel [16], in the sequel E will be referred to as Erdo˝s
group.
Erdo˝s and Marcus prove (see [6, Proposition H], and also [15, Section 6.V.B]) that for
an arbitrary cardinal number m with ℵ0  m  c there exists a λ-saturated subgroup of
R of index m. Their proof is based on a classical transfinite construction. We can also
obtain this result using the arguments of this section: choose E as in Example 3.13. As
R/E ⊕cQ/Z, it is obvious that there exists a subgroup H of R of index m containing E.
Since E is λ-saturated and lacks the Baire property everywhere, the same holds true for H .
In Corollary 4.5 we shall give a substantial generalization of Erdo˝s–Marcus’s theorem.
4. Main results
In this section we address the two problems described in the introduction. To this end,
we shall make appeal to the abstract Steinhaus property and the algebraic tools proved in
Section 2.
From now on, G shall denote a Hausdorff topological Abelian group.
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Throughout this section, let I be a translation invariant proper σ -ideal on G with the
Steinhaus property.
Theorem 4.1. Suppose that G does not contain proper open subgroups. For i = 1, . . . , n,
let Hi be a subgroup of G of infinite index and Xi a nonempty subset of G such that
|Xi | < |G : Hi |.
(a) Then the complement of Z :=⋃ni=1(Xi + Hi) is I-thick.
(b) If Hi /∈ I for some i, then Z is I-saturated.
Proof. (a) By Theorem 2.2, there exist a subgroup H of G and x ∈ G such that x + H ⊆
Zc and |G : H | = ℵ0. Therefore H /∈ I , for G /∈ I . It follows from Proposition 3.9 and
Corollary 3.8 that x + H is I-thick. A fortiori, so is Zc.
(b) In this case, by Proposition 3.9 and Corollary 3.8, also Z is I-thick. 
The following proposition shows that in Theorem 4.1 the additional assumption on G
cannot be relaxed.
Proposition 4.2. G contains no proper open subgroups iff every proper subgroup of G not
belonging to I is I-saturated.
Proof. (⇒) Follows from Proposition 3.9 and Corollary 3.8.
(⇐) Suppose that G contains a proper open subgroup K . Applying Proposition 2.1 to
the quotient G/K , one sees that G has a proper subgroup H containing K of countable
index. Plainly H is open and H /∈ I . It follows that Hc is not I-thick, in contrast with our
assumption which yields that H is I-saturated. 
The condition that G does not contain proper open subgroups is obviously satisfied if G
is connected. If G is locally compact, this condition is actually equivalent to connectedness
(see [9, Corollary 7.9]).
Theorem 4.3. Let |G| > ℵ0, H a subgroup of G, and m a cardinal number such that
ℵ0 m |G : H |.
(a) Then G contains a subgroup K such that H ⊆ K , |G : K| = m, |K| = |G| and K /∈ I .
(b) If H is dense in G, then K is I-saturated.
Proof. (a) If |G : H | = ℵ0, we can choose K = H . Let now |G : H | > ℵ0. By Theo-
rem 2.3, Ĝ := G/H contains a sequence (Ĥn)∞n=1 of subgroups such that |Ĝ : Ĥn| = m
and |Ĥn| = |Ĝ| for every n ∈ N and Ĝ =⋃∞n=1 Ĥn. Let Hn := φ−1(Ĥn) be the inverse im-
age under the canonical map φ : G → G/H . Since ⋃∞n=1 Hn = G /∈ I , there exists k such
that Hk /∈ I . The subgroup K := Hk has the desired properties.
(b) follows from Corollary 3.8. 
H. Weber, E. Zoli / Topology and its Applications 153 (2006) 2035–2046 2043By Theorem 4.3 and Corollary 3.8, an uncountable group G contains for every cardi-
nal number m with ℵ0  m  |G| an I-saturated subgroup H such that |H | = |G| and
|G : H | = m iff G contains a dense subgroup H with |G : H | = |G|. A sufficient condition
for the latter is given in the following proposition (where G supports a σ -ideal I with the
properties listed at the beginning of this section).
Proposition 4.4. If
|G : H | < |G| for every open subgroup H of G, (∗)
then G is uncountable and contains a dense subgroup H with |G : H | = |G|.
Proof. First observe that {0} ∈ I (if not, by Remark 3.3, {0} would be open, in contrast
with (∗)). Hence I contains all countable sets and therefore |G| > ℵ0.
Applying Theorem 4.3 with H = {0}, we see that G contains a subgroup K such that
K /∈ I and |G : K| = |G|. Choose X ⊆ G such that G = X + K and |X| = |G : K|. Then
|X| < |G| for K is open by Remark 3.3. Clearly the subgroup H := 〈X〉+K is dense in G.
Moreover, from
|G| = |G : K| = |G : H ||H : K| and |H : K| ∣∣〈X〉∣∣< |G|
we obtain |G : H | = |G|. 
The condition (∗) is satisfied when G is either (i) connected, or (ii) uncountable and
separable or Lindelöf (in particular, σ -compact).
From Theorem 4.3 and Proposition 4.4 we immediately obtain the following general-
ization of Erdo˝s–Marcus’s theorem mentioned at the end of Section 3.2.
Corollary 4.5. Let m be a cardinal number with ℵ0 m |G|. If G satisfies (∗), then G
admits an I-saturated subgroup of index m and cardinality |G|.
4.2. Consequences for Baire groups and locally compact groups
The general results just obtained are now applied to both the idealsF andN considered
in Theorems 3.4 and 3.5, respectively.
Theorem 4.6. Let G be a Baire group without proper open subgroups. For i = 1, . . . , n,
let Hi be a subgroup of G of infinite index and Xi a nonempty subset of G such that
|Xi | < |G : Hi |.
(a) Then the complement of Z :=⋃ni=1(Xi + Hi) is everywhere of second category.
(b) If Hi is of second category for some i, then Z lacks the Baire property everywhere.
Proof. Combine Theorems 3.4 and 4.1. 
Theorem 4.6 extends in various respects Muthuvel’s Theorem 2 in [16] stating that the
complement of a finite union of proper subgroups of R is everywhere of second category.
Theorem 4.7 below establishes the mensural counterpart of Theorem 4.6.
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i = 1, . . . , n, let Hi be a proper subgroup of G and Xi a nonempty subset of G such that
|Xi | < |G : Hi |.
(a) Then the complement of Z :=⋃ni=1(Xi + Hi) is μ-thick.
(b) If for some i the group Hi is not a locally null set, then Z is μ-saturated.
Proof. By [9, Theorem 24.24], connected locally compact groups are divisible. Therefore
the (nontrivial) quotient groups G/Hi are divisible, and so infinite. Now apply Theo-
rems 3.5 and 4.1. 
Since, as observed at the end of Section 3.2, every Erdo˝s subgroup of R has index c in R
and is neither a Lebesgue null nor a first category set, we directly obtain from Theorem 4.7
that a nonempty union of fewer than c-many translates of finitely many Erdo˝s subgroups
of R is λ-saturated and lacks the Baire property everywhere. This observation sharpens
Corollary 4 of [16] (cf. also [15, Theorem 6.III.16]).
Theorem 4.8. Let G satisfy the condition (∗) of Proposition 4.4 and let m be a cardinal
number with ℵ0 m |G|.
(a) If G is a Baire group, then G contains a subgroup of index m and cardinality |G|
which lacks the Baire property everywhere.
(b) If G is locally compact and μ is a Haar measure on G, then G admits a subgroup
of index m and cardinality |G| which is μ-saturated and lacks the Baire property
everywhere.
Proof. First recall that F and N have the Steinhaus property by Theorems 3.4 and 3.5,
respectively.
(a) Applying Theorem 4.3 and Proposition 4.4 for I = F , we see that G contains an
F -saturated (and dense) subgroup H of index m and cardinality |G|.
(b) We are seeking a subgroup of G which is both F -saturated and N -saturated. Since
the subgroup H in (a) is dense, applying Theorem 4.3, one sees that G contains an N -
saturated subgroup K containing H of index m. Moreover, K is also F -saturated and of
cardinality |G|, as H ⊆ K . 
Corollary 4.9. Let G satisfy the condition (∗).
(a) If G is a Baire group, then G admits 2|G|-many subgroups of cardinality |G| which
lack the Baire property everywhere.
(b) If G is locally compact and μ is a Haar measure on G, then G admits 2|G|-many
subgroups of cardinality |G| which are μ-saturated and lack the Baire property every-
where.
Proof. (a) By Theorem 4.8(a), G contains an F -saturated subgroup H with |G : H | =
|H | = |G|. By [7, Exercise 16.8], the quotient G/H admits 2|G|-many subgroups. (Recall
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2|G|-many proper subgroups containing H . All these subgroups are F -saturated, for so
is H .
(b) is proved in the same way as (a) by replacing Theorem 4.8(a) with Theo-
rem 4.8(b). 
The condition (∗) cannot be replaced in Theorems 4.8 and 4.9 by the weaker “G is
nondiscrete”. As shown by Rajagopalan and Subrahmanian in [17], there indeed exist
nondiscrete locally compact Abelian groups without proper dense subgroups. Kaben-
juk [11] and, independently, Khan [12, Corollary 5.1] prove that a nondiscrete locally
compact Abelian group G admits no proper dense subgroups iff the torsion group of G
is open and pG is open for every prime p. In view of Proposition 2.1 and Corollary 3.8,
G containsN -saturated and F -saturated subgroups iff it contains proper dense subgroups.
This has been proved also by Dietrich in [4]. He gives several sufficient conditions for the
existence of proper dense subgroups in G, and shows under these conditions that G admits
N -saturated and F -saturated subgroups of countable index. Differently, the condition (∗)
guarantees the existence ofN -saturated andF -saturated subgroups of G of arbitrary index
m with ℵ0 m |G|. In particular, for m = |G|, this yields Corollary 4.9 on the existence
of “many” μ-nonmeasurable dense subgroups for a rather large class of locally compact
Abelian groups, thus generalizing a recent result by Comfort et al. [3].
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